Recent theory predicts that a first star is born with a massive initial mass of 100 M . Pair instability supernova (PISN) is a common fate for such a massive star. Our final goal is to prove the existence of PISN and thus the high mass nature of the initial mass function in the early universe by conducting abundance profiling, in which properties of a hypothetical first star is constrained by metal-poor star abundances. In order to determine reliable and useful abundances, we investigate the PISN nucleosynthesis taking both rotating and non-rotating progenitors for the first time. We show that the initial and CO core mass ranges for PISNe depend on the envelope structures: non-magnetic rotating models developing inflated envelopes have a lower-shifted CO mass range of ∼ 70-125 M , while non-rotating and magnetic rotating models with deflated envelopes have a range of ∼ 80-135 M . However, we find no significant difference in explosive yields from rotating and non-rotating progenitors, except for large nitrogen production in nonmagnetic rotating models. Furthermore, we conduct the first systematic comparison between theoretical yields and a large sample of metal-poor star abundances. We find that the predicted low [Na/Mg] ∼ −1.5 and high [Ca/Mg] ∼ 0.5-1.3 abundance ratios are the most important to discriminate PISN signatures from normal metal-poor star abundances, and confirm that no currently observed metal-poor star matches with the PISN abundance. Extensive discussion on the non-detection is finally made.
INTRODUCTION
In the early universe, matters are only composed of light elements that are synthesized in the Big Bang nucleosynthesis. First stars, also known as Population III (Pop. III) stars, are born from the primordial gas clouds. They synthesize heavier elements than 7 Li for the first time, introducing chemical diversity to the universe. Not only the first nucleosynthesis, but also their photon emission during the lifetime and energy and matter ejection at the final explosion affect ambient environments. As a consequence, formation and evolution of first stars dramatically change the phase of matter evolution, which finally leads to the formation of a complex structure observed in the present universe. Hence, to understand the nature of first stars is one of the most important mission for the modern astronomy and astrophysics.
As they exist in the most far-away universe, it is extremely challenging to directly observe first stars by present-day telescopes. Then in order to get some information about the nature, indirect but reasonable and powerful method called abundance profiling has been done (see Nomoto et al. 2013; Tominaga et al. 2014 , and references therein). The key idea is that metal-poor (MP) stars detected in the nearby universe would be born from chemically primitive, but already slightly metal-polluted, gas clouds in the early universe. If the amount of metals in a MP star is small enough, one can assume that the metal pollution is a consequence of supernova explosion of a massive first star. On this line of reasoning, nucleosynthesis outcome of first supernovae can be restored by observing surface abundances of MP stars. This enables to conduct an observational test for a theoretical prediction of first star nucleosynthesis. This is a second paper of a series, in which we aim to find nucleosynthetic signatures that are useful to constrain properties of massive first stars. In our previous paper, evolution of massive first stars of 12-140 M , which are considered to lead to iron core collapse at the end, are investigated (Takahashi et al. 2014) . By focusing the peculiar nucleosynthesis taking place in a helium layer, the possibility to derive masses and rotational properties of massive first stars by observing the abundances of intermediate-mass elements from a surface of carbon-enhanced MP (CEMP) stars has been shown. As a demonstration, existence of a massive first star of ∼ 50-80 M has been indicated from the characteristic abundance pattern of the most iron-deficient star known so far, SMSS 0313-6708 (Keller et al. 2014) . As a next step, we move our scope to the heavier side in the initial mass in this paper. Barkat et al. (1967) and Rakavy et al. (1967) firstly pointed out that a star having a massive enough CO core of > 65 M finally explodes after the hydrodynamical collapse induced by electron-positron pair production. The pair instability supernova (PISN, sometimes also referred to as pair creation supernova) becomes a highly energetic thermonuclear explosion, which injects at least ten times more explosion energy than the canonical core collapse supernovae to surroundings (Heger & Woosley 2002; Umeda & Nomoto 2002; Takahashi et al. 2016) . The explosion has also been confirmed by multidimensional simulations (Chatzopoulos et al. 2013a; Chen et al. 2014) . Under current theoretical understanding, a star having a massive CO core of ∼ 65-130 M inevitably explodes as a PISN, although an observational confirmation of the existence has not been done except for the only candidate of the luminous and energetic PISN explosion at low-redshift of z = 0.1279 (SN 2007bi, Gal-Yam et al. 2009 ). As well as the high explosion energy, the large 56 Ni yield makes the explosion luminous. Therefore PISN is one of the most promising candidates as an observable object at high redshift (Scannapieco et al. 2005; Kasen et al. 2011; Kozyreva et al. 2014a,b; Chatzopoulos et al. 2015; Whalen et al. 2013; Smidt et al. 2015) .
Formation of a massive star that can form the required high mass CO core is considered to be difficult for metal-rich environments due to the efficient wind mass loss (Yoshida & Umeda 2011; Yusof et al. 2013; Yoshida et al. 2014 , also see Langer et al. 2007 for the highest possible metallicity for PISNe). On the other hand, expectation to have a PISN is considered to be much higher for metal-free environment in the early universe. Recent cosmological simulation indicates that ∼ 25% of first stars in number would explode as PISNe (Hirano et al. 2015) . The first reason of this high percentage is that a typical initial mass of first stars can be as large as ∼ 100 M due to the absent of line cooling during its formation (e.g. Bromm & Larson 2004) . The second is the estimated rate of the line-driven wind mass loss is too small to reduce the total mass during the evolution (e.g. Krtička & Kubát 2009) . As well as the high number fraction, the ejected metal mass by one explosion of the order of ∼ 10 M is much larger than that of a canonical core-collapse supernova of the order of ∼ 1 M . Therefore it can be reasonable to consider that the chemical pattern of the predominant PISN ejecta in the early universe is conserved on a surface of numbers of MP stars.
So far, no candidate MP stars have been discovered for PISN children except for the work by Aoki et al. (2014) (Nomoto et al. 2013; Frebel & Norris 2015) . The reason of the non-detection may be explained as a result of the observational bias. Because of the large metal yield, PISN children may be born having a relatively large [Ca/H] ∼ −2.5 (e.g., Greif et al. 2010) . Then this can be missed from metal-poor star surveys which utilize CaII K line as the indicator of the metal poorness (Karlsson et al. 2008) . However, as a growing number of metal-poor stars have been discovered by recent observations (e.g., Hollek et al. 2011; Bonifacio et al. 2012; Cohen et al. 2013; Yong et al. 2013b; Roederer et al. 2014b) , and moreover a systematic observation to find the PISN signatures in metal-poor stars has been undertaken (Ren et al. 2012) , it is possible to expect that a candidate of a PISN child will be discovered near future. Indeed, by applying the PISN fraction for the first stars of ∼ 25% to the theoretical model constructed by Karlsson et al. (2008) , the number fraction of PISN children from all the MP stars can be estimated as ∼ 1/400, which is about the current observational limit for the detection.
In this work, we newly perform sequence of numerical simulations of the evolution, the explosion, and the nucleosynthesis, for first stars with initial masses of ∼ 140-300 M . Explosive nucleosynthesis of PISNe has been calculated by Heger & Woosley (2002) and by Umeda & Nomoto (2002) . However, their stellar simulations neglect the effects of stellar rotation. It has been shown that stellar rotation can affect all important outputs of stellar evolution (Meynet & Maeder 2000; Heger et al. 2000) , and moreover first stars are suggested to posses a large angular velocity at its birth (Stacy et al. 2011 (Stacy et al. , 2013 ). Therefore we firstly consider the effect of stellar rotation for the yields of PISNe, applying a moderate rotation speed of 30% of the kinetic critical velocity at ZAMS stages. Through the systematic calculations, we aim to find characteristic abundance patterns that can be used to constrain the progenitor's properties, namely, the initial mass and the rotation.
Furthermore, we conduct the first systematic comparison between PISN theoretical yields and observations using the big stellar abundance data compiled in SAGA database (http://sagadatbase.jp/, Suda et al. 2008 Suda et al. , 2011 Yamada et al. 2013; Suda et al. 2017) . The purpose of the comparison is, firstly, to confirm the (non-)existence of PISN signatures on the current MP stellar sample, and secondly, to validate what are the fundamentally reliable and practically useful abundance ratios to discriminate PISN signatures.
This paper is organized as follows. In the next section, code description is given for the evolution, explosion, and post-processing codes used in this work. Results of stellar evolution calculations are analyzed in §3, in which effects of stellar rotation are mainly discussed. Section 4 is attributed for the discussion on the initial and CO core mass ranges for PISNe. Results of PISN nucleosynthesis are analyzed and discussions on characteristics of PISN abundance patterns are given in §5. Comparison between the theoretical models and the observed abundances of MP stars is conducted in §6. Finally, discussion and conclusion are presented in §7.
COMPUTATIONAL METHOD

Stellar Evolution Code
Stellar evolution of zero-metallicity stars are calculated using the stellar evolution code described in Takahashi et al. (2016) . Result of Big bang nucleosynthesis by Steigman (2007) is used for the initial chemical composition, and 153 isotopes are considered in the reaction network (Tab.1, left column). The reaction rates are taken from the current version of JINA REACLIB (Cyburt et al. 2010 ) except the rate of 12 C(α, γ) 16 O is taken from Caughlan & Fowler (1988) multiplied by a factor of 1.2.
The Ledoux criterion is used for convective instability. Inside the convective region, a diffusion coefficient is estimated by D cv = v MLT l MLT /3, where v MLT and l MLT are the velocity of the convective blob and the mixing length calculated by the mixing-length theory. To describe the chemical mixing by convective overshoot, an exponentially decaying coefficient,
where f ov is an adjustable parameter, D cv,0 and H p,0 are the convective diffusion coefficient and the pressure scale hight at the edge of the convective region, and ∆r is a distance from the edge, is added to the diffusion coefficient. A very small constant mass loss rate of 10 −14 M /yr, the effect of which is practically negligible, is considered in non-rotating models (Yoon et al. 2012) .
Effects of stellar rotation are taken into account (Heger et al. 2000; Meynet & Maeder 2000) . Deformation factors are included in the equations of pressure and temperature balances (Endal & Sofia 1978) . Diffusion approximation is applied to transportation of angular momentum using the diffusion coefficient ν eff . For the diffusion coefficient, ν eff,non−mag = ν ES + ν GSF + ν SH + ν DS + ν SS , in which coefficients owing to the Eddington-Sweet circulation (the meridional circulation), the Goldreich-Schubert-Fricke instability, the Solberg-Høiland instability, and the dynamical and secular shear instabilities are summed up (Heger et al. 2000; Pinsonneault et al. 1989) , is used in a non-magnetic Langer 1998; Maeder & Meynet 2000) . According to Yoon et al. (2010 Yoon et al. ( , 2012 , the enhanced mass loss rate is calculated asṀ
where
edd are the surface rotation velocity, the critical rotation velocity, the Kelvin-Helmholtz timescale, and the Eddington luminosity, respectively. Important note here is that there is still large uncertainty in treatment of rotation induced mixing in spite of vigorous efforts over the years. For example, the diffusive treatment for the meridional circulation that is essentially an advective process is debatable (Maeder & Zahn 1998; Chieffi & Limongi 2013) , although a detail comparison between the different treatments has not been done. The treatment of interplay between stellar rotation and magnetic field is even more disputable. Different treatments for TS dynamo are known (Maeder & Meynet 2004; Denissenkov & Pinsonneault 2007) , and moreover, numerical simulation by Zahn et al. (2007) has found no dynamo process in their differentially rotating stellar model. Our rotating results should thus be regarded as representative results with rotation induced mixing: A case with efficient diffusion of angular momentum will be represented by the magnetic models. Therefore the different models will cover a reasonable range of theoretical uncertainty involved in modeling for PISN progenitors.
The same calibration to the recent grid calculations with GENEC Georgy et al. 2012 Georgy et al. , 2013 has been done to fix adjustable parameters in the code. Parameters are the mixing length parameter α mix , the overshoot parameter f ov , the ratio between the mixing coefficient and the effective viscosity f c , and a parameter showing the reduction efficiency of µ-barrier f µ . Values of (α mix , f ov , f c , f µ ) = (1.8, 0.01, 1/32, 0.1) are used for non-magnetic models and (1.8, 0.01, 1/8, 0.1) are used for magnetic models.
Explosion Code
A 1D-spherical general-relativistic Lagrangian hydrodynamic code developed by Yamada (1997) is used for explosion simulations. The code integrates the time in an implicit manner, iteratively solving equations of the metric and the hydrodynamics. In order to utilize the code for general purpose simulations, Takahashi et al. (2016) introduced a reaction network and a non-NSE EOS, which are also used in the stellar evolution code, into the hydrodynamic code. 153 isotopes are included in the reaction network. Although the code is capable of directly solving the Boltzmann equation for the neutrino transport (Yamada et al. 1999; Sumiyoshi et al. 2000) , the complicated transport equation is not treated in this work. Instead, the thermal neutrino energy loss rate (Itoh et al. 1989 (Itoh et al. , 1996 , which is also imported from the stellar code, is used to determine the local cooling rate.
Post-processing Code
Taking the exploding models, their explosive nucleosynthesis are calculated by a post-processing manner. The time evolution of the density and the temperature are recorded for each Lagrangian mesh. According to the record, the composition evolution of extended 300 isotopes, which are the same as a network used in the stellar calculations, is calculated. Decay process of the explosive yield is further considered by calculating additional 10 10 yr with a temperature of 10 3 K and the density of 10 −10 g cm −3 . Comparisons with observations are made using solar-scaled values of
where n i is the number density of the i-th element. Solar elemental abundance is taken from Asplund et al. (2009) .
STELLAR EVOLUTION OF PISN PROGENITORS
Evolution of a massive Pop III star having an initial mass of M ini ∈ [100, 290] M are calculated with three different rotation treatments. The first model sequence is obtained for non-rotating models, in which no rotational mixing, no rotational mass loss, and no centrifugal force are considered. Besides, two sequences for rotating models are calculated; the one with TS dynamo and the other without TS dynamo. Hereafter they are referred to as magneticor non-magnetic (rotating) models, respectively. The rigid rotation is applied for the initial rotation profile with the rotation period of 30% of the Kepler rotation at its surface. Evolution of each model is calculated from the ZAMS stage until the central temperature reaches ∼ log T c [K] = 9.2. In this section, evolutionary properties of PISN progenitors are discussed, mainly focusing on how stellar rotation affects the results.
160 M models
Evolution of a non-rotating PISN progenitor is simple. As an example, evolution of convective regions are shown for the non-rotating 160 M model in Fig.1 . The star spends the core hydrogen burning stage for 1.88 Myr. During this phase, the star develops the central convective region, which firstly fills the inner 136 M and gradually recedes in mass forming a 79.1 M He core. The next core helium burning stage lasts 2.96 × 10 5 yr. The star forms a roughly constant-mass convective helium burning core of ∼ 71 M during this phase. Finally the star forms a 74.0 M CO core, which is at the lower side of the CO core mass to explode as a PISN (Takahashi et al. 2016) .
Stellar rotation affects the evolution through mass loss and rotational mixing for chemical species. The centrifugal force can modify the hydrostatic structure in principle, but the applied rotation speed in this work is too slow to have an influential effect. Kippenhahn diagram of the non-magnetic rotating model of 160 M is shown by Fig.2 . Rotating 160 M models lose parts of their envelope masses by 6.42 M for non-magnetic and by 10.69 M for magnetic cases. In these models, mass loss takes place at a latter half of the core hydrogen burning phase and at the transition phase between the hydrogen burning and the helium burning phases. Since the lost mass is small compared with the total envelope mass, the mass loss has little effect on the evolution. On the other hand, it may have an impact on the environment, as the lost mass injects kinetic energy of ∼ 3 × 10 50 erg into the ambient matter through this process. The lost material may sweep up the ambient matter, triggering succeeding star formation. Since the lost material has not been chemically processed, the ambient matter mixed with the stellar wind retains its composition. The stellar wind from a rotating Pop III star therefore may enhance the local star formation rate of Pop III stars. The first consequence of rotational mixing is the extension of the He core, which results in shifting to lower side of the mass range for PISN (Chatzopoulos & Wheeler 2012; Yoon et al. 2012) . During the core hydrogen burning phase, rotational mixing takes place at the boundary region between convective core and the envelope. This acts similar to convective overshooting, transporting inner helium rich material to the outer region. As a result, the magnetic 160 M model forms a larger He core of 83.0 M than the non-rotating model. Another direct consequence of the rotational mixing is synthesis of primary nitrogen during the core helium burning phase. Figure 3 shows evolution of chemical distribution during the core helium burning phase for the non-magnetic 160 M model. Over the core helium burning phase of ∼ 2 × 10 5 yr, rotational mixing transports helium burning products of carbon and oxygen from the inner convective region to the outer helium layer, forming a CO-enriched tail in the layer. As the edge of the tail permeates into the base of the hydrogen layer, the helium burning products are transformed into 14 N via CNO-cycle. The non-magnetic rotating 160 M model finally yields 7.67 × 10 −1 M of nitrogen in its outer regions than the CO core, which is ∼ 4 × 10 5 times larger than the yield of the non-rotating model, 1.97 × 10 −6 M . However, reflecting the large uncertainty in the theory of rotational mixing, results of the two rotating models with and without TS dynamo differ both qualitatively and quantitatively. First, the nitrogen yield in the magnetic model is 1.34 × 10 −5 M and comparable to the non-rotating case. This is because, the main mechanism that accounts for the rotational mixing during the helium burning phase in the non-magnetic model is GSF instability. Since GSF instability requires strong shear at the region to work effectively, the efficient mixing does not take place in the helium layer of the model with TS dynamo, in which magnetic torque effectively works to achieve the solid rotation.
The second difference is occurrence of the convective dredge-up in the non-magnetic model. During the core helium burning phase, convection arises in the H/He boundary region. The base of the shell convection moves inward for all models. Furthermore, the convective base of the non-magnetic model keeps its motion even after it reaches the edge of the hydrogen deficient region. As a result, significant mass of the outer helium layer is dredged into the shell convective region. One consequence is that the He core mass of the non-magnetic 160 M model finally becomes 72.9 M and is even slightly smaller than the non-rotating model. Another important consequence is boosting the nitrogen synthesis. The reason why the convective dredge-up takes place is unclear. However, it possibly relates to the rotational mixing in the helium layer, by which the luminosity of the shell hydrogen burning is enhanced. We note that a similar dredge-up episode also takes place in the work by Yoon et al. (2012) , but for > 200 M non-rotating models.
Among the 160 M models in this work, only the non-magnetic rotating model forms an inflated red-giant envelope during the evolution. This may be related to the fact that only the non-magnetic model experiences the dredgeup event and accompanying boosting of the shell hydrogen burning. However, an important note here is that the theoretical estimate for the envelope evolution of a massive Pop III star significantly depends on numerical treatments of additional mixings, such as overshooting, semi-convection, and rotational mixing. The convective overshooting during the core hydrogen phase is one of the most influential: with a somewhat larger overshoot parameter of 0.015, a non-rotating 160 M develops an inflated envelope during its core helium burning phase. Unless reliable calibration can be done for the massive Pop III stars, it is needed to understand physical properties of these phenomena before conducting a reasonable prediction on the radius. Chemical distribution at the calculation end is shown for 160 M models in Fig.4 . The overall characteristics of the non-rotating and the magnetic rotating model are very similar except for the larger core mass and the slight lost of the envelope mass of the rotating model. On the other hand, the non-magnetic rotating model has a nitrogen rich envelope, and thus the model finally yields far more abundant nitrogen. Chemical composition of the three CO cores are quite similar except for the more diffused chemical distribution seen in the outer region of the core for the nonmagnetic rotating model. The C/O ratios measured at homogeneous regions (M r = 40 M ) are 0.168 for non-rotating, 0.164 for non-magnetic, and 0.152 for magnetic models. Moreover, all of these cores have extremely small neutron excesses, η ≡ (N i − Z i )Y i , of 4.03 × 10 −7 , 5.22 × 10 −7 , and 4.22 × 10 −7 , respectively. In conclusion, stellar rotation does not enhance the neutron excess of the CO core, because nitrogen enhancement takes place only outside of the core. Consequently, quite similar explosive yields result from the models with different rotation treatments, which is reported later.
Summary of the evolutionary calculations
Properties obtained for 160 M models are common for models with different masses. In Table 2 , core masses, lifetimes, and nitrogen yields at log T c [K] = 9.2 are summarized. Total masses of rotating models are slightly reduced by the rotation-induced mass loss, while no mass loss is assumed for non-rotating models. He core masses of magnetic rotating models are increased, while non-magnetic rotating models reduce the core mass through the convective dredgeup episode. Despite the different core masses, durations of the core hydrogen and the core helium burning phases are almost independent from the rotation treatments. This is because these durations only slightly depend on the total and the core masses in this massive initial mass range.
Nitrogen yields of non-rotating models are small. And only slight enhancements are seen in the magnetic rotating models, except for the 280 M model in which the dredge-up episode takes place. The reason of the small enhancement is the same as in the 160 M model: the strong shear at the helium layer does not develop in the magnetic models. On the other hand, non-magnetic rotating models yield significantly larger amount of nitrogen. Because the dredge-up episode takes place at a later stage in the core helium burning phase, the amount of nitrogen yields are smaller for a less massive models of 100-140 M , but they are still far more abundant than non-rotating and magnetic rotating models.
Finally, we show progenitor structures obtained in this work in Fig.5 . Variations among the models with different rotation treatments can be seen in the envelope structures. That is, non-magnetic rotating models have dilute and inflated envelopes, while envelopes in other models are more compact and dense. Accordingly, the non-magnetic models show stronger decline in density at core edges. Inner part of the cores, on the other hand, exhibit similar structures independent of the rotation treatments.
As for the internal rotation profile, existence of the strong shear at the core/envelope boundary is the qualitative difference between the two sequences in rotating models. Magnetic models more or less rotate uniformly. This is due to the efficient angular momentum transfer by the TS dynamo, which imposes rigid rotation on the star. Since the central region of the star spins up as the star evolves, outward transport of the angular momentum takes place. Accordingly, magnetic models only retain specific angular momentum of ∼ 10 16 cm 2 sec −1 in the core at the calculation end. The corresponding core rotation rate becomes ∼ 1/100 of the Kepler rotation rate. On the other hand, no instabilities considered in non-magnetic models account for such an efficient transfer after the core helium burning phase. As a result, the non-magnetic models keep specific angular momentum of ∼ 10 17 -10 18 cm 2 sec −1 even for the later stages of the evolution. Accordingly, the angular velocity reaches ∼ 10% of the Kepler rate at the calculation end.
The fast core rotation obtained in the non-magnetic models may affect the further collapse and the explosion as a PISN, although our explosion code does not handle the rotating flow. Assuming that the local angular momentum is kept constant during core collapse, the ratio between the local angular velocity and the Keplerian angular velocity increases as ω/ω K ∝ r −1/2 . Assuming the highest density achieved during the collapse is ∼ 10 7 g cm −3 for the most massive PISN model, the core density increases by a factor of ∼ 10 2 and correspondingly the core radius decreases by a factor of ∼ 10 −2/3 . This means that the centrifugal force can be as high as ∼ 40% of the local gravity at its maximum during the explosion. We let how rotating flow affects to the explosion open in this work, however, further investigation with a multi-dimensional hydrodynamic code will be interesting.
INITIAL MASS RANGE FOR PISNE
Mechanism and dynamics of a PISN explosion have been well investigated in previous works. They can be summarized as follows. A collapsing core is heated mainly by oxygen burning, which initiates when the local temperature exceeds log T [K] > 9.5. Due to the heating, a CO core with a mass of ∼ 65-130 M reverses its motion and finally explodes. On the other hand, a more massive CO core of >∼ 130 M keeps collapsing, because iron dissociation, which reduces the (non-relativistic) thermal energy and thus the pressure, takes place at the high temperature central region of log T [K] > 9.75. An accurate estimate of the initial mass range for PISN, however, is still difficult. This is firstly because of the uncertain relation between the CO core mass and the initial mass. The initial to core mass relation largely depends on efficiencies of additional mixings during core hydrogen and core helium burning phases, namely convective overshooting and rotation induced mixing, both of which are constrained only poorly through observations. In addition, here we firstly report that stars having the same core masses can show different explodability when their envelope structures are different.
In this work, initial mass ranges for PISNe have become 180-280 M for non-rotating models, 160-260 M for magnetic models, and 160-260 M for non-magnetic models. The non-rotating models have larger minimum and maximum masses for PISNe, while the two rotating sequences have the same mass range. The corresponding CO core masses are ∼ 84.7-133.7 M , ∼ 78.7-130.3 M , and ∼ 72.9-118.9 M , respectively for non-rotating, magnetic, and non-magnetic models. We note that the CO core mass ranges of non-rotating and magnetic rotating models are consistent because the non-rotating 170 M model, which is the largest mass to end up with an incomplete explosion, has 77.5 M CO core mass. Therefore it can be said that the non-magnetic rotating models have smaller minimum and maximum CO core masses for PISNe.
The shift of the initial mass range between the non-rotating and magnetic rotating models is due to the core mass enhancement by rotation induced mixing. This does not affect the explosion and thus the CO core mass ranges for PISN. Meanwhile, the shift in the CO core mass range in non-magnetic rotating models is resulted from the different envelope structure that these models have, that is, the non-magnetic models develop inflated envelope during the evolutionary phases.
The reason of the lower shift of the minimum CO core will be because the inflating envelope has a small binding energy that requires small explosion energy to be blown off. This can be shown by comparing the non-magnetic 160 M model, which explodes with the explosion energy of 7.38 × 10 51 erg, with the non-rotating 170 M model, which end up with an incomplete explosion but still has a positive total energy of 8.72 × 10 51 erg. Here, it is noteworthy that the judgment of explosion can be inaccurate for low mass models, although the discussion above will be qualitatively correct. This is because there is no clear division between complete explosion and incomplete explosion ejecting only the outer part of the star, which is called pulsational-PISN (PPISN, Woosley 2017 and reference therein). For example, the non-rotating 170 M model firstly expands the whole part of the star with a positive total energy of 8.72 × 10 51 erg, but later the central part turns back the motion after ∼ 5,000 sec from the expansion. The result thus can be affected from small changes in numerical treatments such as resolutions.
The maximum CO core mass for PISN is related to the maximum central temperature during the explosion. This is because the mechanism to trigger the final collapse is the iron dissociation reactions, which transforms the internal energy to the rest mass energy reducing the pressure, and the reactions initiate with a high temperature of log T [K] > 9.75. Therefore a massive model cannot stop the contracting motion once the central temperature exceeds the critical value of log T [K]s ∼ 9.80 (Takahashi et al. 2016) . Figure 6 shows distributions of maximum temperature during the explosion for exploding rotating models. As discussed above, non-magnetic models (shown by solid lines) develop inflated envelopes during their evolution, whereas magnetic models (dashed lines) do not. As a consequence, nonmagnetic models develop steeper distributions of temperature and density in their outer core regions, in order to connect with the low temperature base of the inflating envelope. The figure shows that the steeper temperature distribution is kept during the explosion. Consequently, a CO core with an inflated envelope has a smaller core mass than a core surrounded by a deflated envelope for the same maximum central temperature. This results in the smaller maximum core mass for models with inflated envelopes.
EXPLOSIVE NUCLEOSYNTHESIS IN PISNE
Explosive nucleosynthesis in non-rotating models
As an example, change of the chemical distribution before and after the PISN explosion is shown in Fig.7 for the non-rotating 240 M model. Besides the explosive nucleosynthesis, decay calculation has been applied to show the distribution after the explosion. The yields of the model are summarized in Table 3 .
Alpha elements, 12 C, 16 O, 20 Ne, and 24 Mg, which originally compose the CO core, remain at the edge region after the explosion. All of these isotopes except for helium are synthesized during core helium burning. At the inner core, odd-elements of 23 Na and 27 Al have already synthesized before the explosion. They are carbon burning products, but soon are burnt by further burning processes. The outer core region of ∼ 91-112 M has a low maximum temperature during the explosion of log T [K] < 9.32. While original CO core materials remain to be the major yields of the region, alpha particles are almost completely captured during the explosion to synthesize an alpha-element of 28 Si and moreover odd-Z elements of 23 Na and 27 Al. In the middle region of ∼ 62-91 M , carbon and neon are burnt to synthesize abundant 28 Si, 23 Na, and 27 Al with the maximum temperature during the explosion of log T [K] < 9.45. Furthermore, 24 Mg burns as well in a inner region of ∼ 45-62 M , producing intermediate-mass elements including 40 Ca and odd-Z elements of 39 K and 45 Sc. The inner region of ∼ 3.1-45 M has a high maximum temperature during the explosion of log T [K] > 9.51. The high temperature allows 16 O to burn to synthesize intermediate-mass elements from silicon to scandium and iron-peak elements from titanium to iron. The odd-Z iron-peak elements such as 51 V, which is firstly synthesized as 51 Cr and 51 Mn, and 55 Mn, which is as 55 Fe and 55 Co, are produced in this region. At the inner most region of ∼ 3.1 M , the maximum temperature during the explosion exceeds log T [K] > 9.65. More than 90% of the material are finally synthesized into 56 Fe, which is a decay product of 56 Ni. Small amount of isotopes of cobalt (mostly in the form of 59 Co), nickel, and copper are synthesized in this region as well. The CO core of a non-rotating 240 M model is surrounded by the shell helium region of ∼ 112-121 M . In spite of the low maximum temperature of log T [K] < 9.13, various isotopes are synthesized in this region as a result of alpha capture reactions. Yields of most of these isotopes are actually far from abundant compared with the yields from the inner CO core. However, there are exceptions. I.e., more than 90% of yields of odd-Z elements of 35 Cl and 39 K are produced at the base of the helium layer. In the end, explosive nucleosynthesis in a PISN yields results in mostly the same chemical abundance in a region with the same local maximum temperature. The local maximum temperature during the explosion is shown by Fig.8 for exploding non-rotating models. It is informative to divide a core into parts that have maximum temperatures of (i) log T [K] > 9.65; a region yielding heavy iron-peak elements, (ii) log T [K] ∈ [9.51, 9.65]; a region yielding oxygen burning products, (iii) log T [K] ∈ [9.45, 9.51]; a region yielding intermediate-mass elements up to scandium, (iv) log T [K] ∈ [9.32, 9.45]; a region yielding intermediate-mass elements up to silicon, and (v) log T [K] < 9.32; a region yielding CO core materials. Then it is the mass ratio among these regions in the CO core that basically determines the abundance pattern of a PISN. In addition to the yields from the core, yield in a helium layer can be important for some odd-Z elements. Fig.9 shows abundance patterns of PISN yields of non-rotating models. Note that results of 160 and 170 M models are included in this figure, although they do not show complete explosions. We select the magnesium yield, rather than iron, as a denominator in the figure. This is because all of PISN models eject abundant magnesium, the magnesium yield has a small dependency on the CO core mass, and moreover it is one of the most accessible element in observing MP stars. The overall patterns are much scattered if iron yield is used as the reference instead (Fig.10) .
A well-known peculiarity of PISN yields can be seen as the pronounced variance between odd-Z and even-Z elemental yields, which discriminates PISN yields from the usual CCSN yields (Heger & Woosley 2002; Umeda & Nomoto 2002) . The odd-even variance is due to the low neutron excess, or the high Y e ∼ 0.5, of PISN ejecta. Since the overturn from the collapse takes place within a short timescale, electron capture reactions are too slow to change the core Y e . With the low neutron excess, the explosive nucleosynthesis favorably synthesizes even-Z elements. The most important property for lighter elements from carbon to aluminum is the similarity in the patterns among the models with different initial masses. Scatters of the abundance ratios are especially small for four elements of Heavier elements from titanium to germanium are synthesized in the innermost region of the star. Because less massive models explode without entering this high temperature regime, the mass dependence of yields of these elements becomes large. Thus, the lowest mass model yields smallest abundances of Distributions of maximum temperature during the explosion have already been shown in Fig.6 for rotating models. Because of the similar envelope structure, PISNe of magnetic rotating models yield similar abundance patterns to non-rotating models. On the other hand, non-magnetic rotating models have low maximum temperature in the outer cores and the envelopes. This affects the PISN nucleosynthesis. Figure 11 shows abundance patterns of PISN yields of the non-magnetic rotating models. Overall properties are still very similar to non-rotating results. However, abundance ratios of odd-Z elements of [Cl/Mg] and [K/Mg] now show clear decreasing trends towards increasing mass, because elemental productions in a helium layer disappears in this case. Besides, slightly higher abundances are obtained for lighter elements of carbon and neon. The lower temperature at the core edge allows these elements to survive the explosion. In addition to the high nitrogen abundance owing to the convective dredge-up episode during the evolutionary phase, such slight modifications may characterize yields of PISNe from rotating progenitors.
In summary, the non-magnetic models; proton number The purpose of this work is to find abundance ratios that is useful to discriminate a possible candidate of PISN children, which we tentatively refer to as a PISN-MP star 2 from the other normal metal-poor stars. Such ratios are desired to be selected from easily accessible elements by observations. Table4 shows numbers of stars compiled in SAGA database, for which the abundance of each element is determined. This indicates that the most accessible elements in observations of MP stars are magnesium, calcium, titanium, and iron, then followed by sodium, aluminum, silicon, chromium, nickel, and zinc. Among them, magnesium is selected as the base, or the denominator, of the abundance ratios for the investigation in this work. This is because the ratio facilitates comprehensive comparisons of the theoretical yields of PISNe as shown above.
Among the peculiar abundance patterns of the PISN yields, the ratio of [Na/Mg] is found to be the most important for comparison between the observations and the theoretical yields. In Fig.12 , observed ratios are plotted as a function of [Fe/H] and the theoretical range are overlaid as cyan (non-rotating) and orange (non-magnetic) bands. Typical errors of ±0.2 dex for [Na/Mg] and ±0.1 dex for [Fe/H] are indicated by the purple cross. Although there are some EMP stars showing more than 2 dex enhancement in the [Na/Mg] ratio, the main component including the decreasing trend toward low [Fe/H] has been well reproduced by galactic chemical evolution models taking ejecta of core-collapse supernovae into account (e.g. Kobayashi et al. 2006) . Interestingly, despite the figure includes more than 2000 stellar data, no stars are found within the theoretical band of the narrow and nearly mass independent ratios of −1.53-−1.40.
Additional pollution of CCSN yields of ∼ 10% in mass increases the [Na/Mg] ratio, but this effect will be too weak to shift the ratio to explain the deviation. PISN models in this work have [Na/Mg] ∼ -1.5 and ∼ 1.5% in mass of proton number
Figure 10. Abundance patterns of non-rotating PISN yields normalized by the iron yield.
the yield is magnesium. Assuming a Pop III CCSN has [Na/Mg] ∼ -0.6 and ∼ 1% in mass of the yield is magnesium (Umeda & Nomoto 2005; Kobayashi et al. 2006) , the ∼ 10% pollution merely increases the ratio up to [Na/Mg] ∼ -1.33. Therefore we conclude that no PISN-MP stars are found from the currently observed MP stars, which have been compiled in the SAGA database. This results also indicates that a PISN-MP star can be discriminated by its small [Na/Mg] ratio. Possibly the lack of stars in the low [Na/Mg] region is explained as an observational limit. A PISN-MP star, if observation achieves to detect its low sodium abundance, will be a rare exception passing this test. Unfortunately, abundance ratios made by iron-peak elements of titanium, chromium, iron, and nickel are found to be unprofitable for discrimination of a candidate of PISN children. The fundamental reason is that the most commonly observed values of [X/Mg] = 0 is included in the wide band of the theoretical scattering. For example, the theoretical range of [Ti/Mg] spans from −1.46 to 0.49. As a result, majority of observations is included in this theoretical band. For other accessible elements of aluminum, silicon, calcium, and zinc, moderate numbers (several to tens) of stars are found inside the theoretical bands. Then, as a next step, comparisons using combinations of them are conducted.
In Fig.13 , stellar data are plotted on a plane of [Ca/Mg] and [Al/Mg] . As well as sodium, the main evolution sequences of calcium and aluminum have been well explained by CCSN ejecta (Kobayashi et al. 2006) . On the other hand, for the PISN yields, no stars show comparable values of both ratios at the same time. This is due to the large offset of the main stream of [Ca/Mg] , is not utilized during the selection, the sample includes metal-poor stars with metallicity as large as −1.86. As most of the previous works except for Aoki et al. (2014) have considered only EMP stars of [Fe/H] −3 to be compared with PISN yield patterns, this high maximum metallicity characterizes the sample of this work. Most of these relatively-metal-rich stars will show the results of not one-time but multiple metal pollutions in their abundances. However, the wide range in metallicity can be rather adequate for the comparison with PISN yields, as some theoretical works suggest that high metallicity of ∼ 10 −3 Z is reachable by a one-shot PISN in the early universe due to the large metal production (Karlsson et al. 2008; Greif et al. 2010) .
As an example, the surface abundance pattern of #23 CS22942-011 is shown in Fig.15 . The observation is compared with theoretical models of non-rotating PISN abundances. First of all, as a confirmation of the earlier findings, the figure shows that this MP star neither has the low [Na Cu 600
Zn 1801
Notes. Numbers of stars compiled in SAGA database a , in which the abundance is observed for each element.
a Numbers are obtained by Nov. 8, 2017 updated version. in the sample (#13, 20, 33, 34, 50, 58, 62, 67, and 69) have [Sc/Mg] < −0.7 and all zinc-detected stars have higher [Zn/Fe] than the theoretical limit. Therefore these ratios can be used as the constraints similar to [Na/Mg], though the high accessibilities may be owing to the high occupancy in the sample of the observation using high resolution spectroscopy at the Magellan Telescopes (Roederer et al. 2014a,b) . A note for the scandium abundance is that a Pop III CCSN yield also fails to reproduce the observed value of [Sc/Fe] ∼ 0 (e.g., Kobayashi et al. 2006) . In other word, a normal CCSN model produces too little amount of scandium to match with the observation. Hence, origin of scandium in MP stars is somewhat uncertain, while the too small production of scandium may be solved by considering ejection of high entropy material in a jet-induced explosion (Tominaga 2009; Tominaga et al. 2014) . Nevertheless a result that PISN models yield too small scandium to explain observations is still valid, because the theoretical prediction of PISN yields is robust thanks to the clear understanding of the explosion mechanism. Comparison between the stellar abundances of SDSS J0018-0939 (Aoki et al. 2014 ) and non-rotating PISN abundances has been made in Fig. 16 . The most important result in this comparison is the smaller [Ca/Mg] = 0.43 than the theoretical lower-limit of [Ca/Mg] > 0.46. This result will already exclude the possibility that this MP star is a PISN-MP star. Considering the large uncertainties in both theoretical modeling and observation, PISN from the least massive progenitor may be adequate to explain the small [Ca/Mg] ratio. However, the large stellar abundances of the iron-peak elements of [(Cr, Co, Ni)/Mg] are then totally inconsistent with the theory, because the most massive progenitor is required for the large abundances in contrast. Another inconsistency is the higher abundance ratios of [(Na, Al, V)/Mg] than the theoretical models. From these results, we conclude that the abundance pattern of SDSS J0018-0939 is not compatible with PISN models.
DISCUSSION AND CONCLUSION
Existence of PISNe in the early universe, if it is confirmed, can be a direct proof of not only the hydrodynamical instability due to the electron-positron pair production, which is a fundamental consequence in the theory of very massive star evolution, but also the prediction of the initial mass function in the early universe, which is estimated to have a high-mass peak of ∼ 100 M . The confirmation can be done by detecting a PISN-MP star from extremelyand very-metal-poor stars existing in our galaxy. We have also shown that the internal mixing does not affect the explosive nucleosynthesis in PISN, but can induce efficient nitrogen production. Therefore the ratio [N/Mg] can be regarded as the first indicator of the stellar rotation of the PISN progenitor. Through comparing our theoretical abundances with big sample of surface abundances of MP stars compiled in the SAGA database, we have demonstrated that no PISN-MP star is included in the currently observed MP stars. Moreover, we have concluded that a VMP star SDSS J0018-0939 is not a PISN-MP star because of the inconsistencies in the abundance pattern, especially the low calcium abundance and the high sodium, aluminum, and vanadium abundances. This result might be already problematic for the theoretical prediction that ∼ 25% of first stars in number will explode as a PISN and thus ∼ 1/400 of MP stars with [Ca/H] < −2 are PISN-MP stars. One possible explanation for the none detection discussed in the literature is that the observational bias towards the low calcium abundance in the MP stellar sample. If a PISN-MP star has a metallicity of Z = 10 −3 Z , which may be a reasonable estimate of the metal contents of a second generation star (e.g., Wise & Abel 2008; Greif et al. 2010) , and if ∼ 1-3% of the total metal in mass is calcium, which is derived from our calculation, the corresponding calcium abundance becomes [Ca/H] = −2.34-−1.86. Therefore the PISN-MP star is actually an order-of-magnitude calcium-richer than the majority of EMP stars, which have [Fe/H] < −3 in definition and thus [Ca/H] −3. In our sample, 541 stars are included in the range of [Ca/H] = −2.4-−1.8, and the number reduces to 237, if we require the [Na/Mg] data in addition. Probably the number is too small to detect the PISN-MP star.
Another possible reason is the overestimate in number fraction of PISN progenitors in the first stars. For this aspect, fragmentation of the star-forming gas cloud will be the most important physics missing in the work by Hirano et al. (2014 Hirano et al. ( , 2015 . Gas fragmentation induces the formation of a binary and multiple-star system, and there are some reasons to expect smaller mass stars are formed in such a system (see discussions in Hirano et al. 2014) . Because there are more sinks of gas than in a single system, a total accreted gas onto one star will be reduced. Besides, with a smaller mass accretion rate in a multiple-star system, the Kelvin-Helmholtz contraction begins at an earlier phase in which the proto-stellar mass is still small. Since gas accretion onto the proto-star is prohibited after the star starts to radiate UV photons, the early Kelvin-Helmholtz contraction limits the stellar mass to be small. Therefore, by considering the fragmentation in the first star formation, the peak mass in the initial mass distribution will be shifted to the lower side, as well as the total number of the low mass first stars increases. These effects can reduce the number fraction of PISN progenitors in the first stars. It is noteworthy that the high fraction of being a binary or multiple-star system at its birth has been observationally proven for massive OB stars in the local universe (e.g. Sana et al. 2012) . It may be reasonable to assume the similar frequency to the first stars, since forming the binary system is the simplest way to get rid of the high specific angular momentum of the star-forming gas cloud. Finally, it is important to examine the reliability of the theory of evolution and explosion of the PISN progenitor. Let us consider the most simple case first: is it robust to estimate that a non-rotating massive first star forms a CO core of about a half of its initial mass?
As far as the static evolution of a star is considered, the one-dimensional stellar structure will be determined as a solution of 4th order ordinary differential equations, in which time evolution is expressed through time-evolving chemical and entropy profiles. In the radiative (non-convective) layers, matter mixing will be negligible and the radiative transfer to determine the entropy profile will be well approximated by a diffusion equation. Then the first uncertainty will be incorporated in the treatment of stellar convection. Although the current understanding of stellar convection is poor, it seems that there is no significant uncertainty that affects the formation of a massive CO core. Because the lifetime of the core burning phase in both cases is much longer than the timescale of convective mixing, and because the efficiency of heat transfer by the convective mixing will be sufficiently high, it is reasonable to assume the constant chemical and entropy profiles inside the convective core. Hence the only remaining uncertainty is the convective criterion. In fact, there is a long-standing question on which convective criterion of the Schwartzschild or the Ledoux criterions describe stellar convection. However, this uncertainty will not be so much affective to change the current prediction qualitatively. Convective overshoot can increase the CO core mass, and conversely strong magnetic field, which may not exist in a first generation star though, may suppress core growth (Petermann et al. 2015) . However they only shift the core mass to the initial mass relation and existence of a massive CO core does not change. After all, chemical and entropy structures, and thus the overall stellar structures and evolution until core carbon burning, will be well described by the present evolutionary calculations. Another important assumption here is that the wind mass loss of a massive first star is ineffective. This will be a reasonable assumption since the line driven wind, which potentially explains the heavy wind mass loss of OB and WR stars in the local universe, will not act on the metal-free surface of the massive first star. Surface metal pollution by rotational mixing has been proposed to trigger the line driven wind during main sequence phase. However, some negative results have been obtained by different authors: the dredge-up during main sequence phase is not so efficient (Ekström et al. 2008a ) and moreover the efficiency of wind acceleration by the CNO elements are too weak to drive an efficient wind (Krtička & Kubát 2009 ). Although some mechanisms, such as the vibrational instability (Baraffe et al. 2001; Sonoi & Umeda 2012; Moriya & Langer 2015) , may trigger a mass loss from a Pop III red-giant envelope, this only strips the envelope of the star and the CO core will keep its mass. Therefore it will be reasonable to assume that at least a massive CO core can be formed in a massive first star and furthermore a total mass of a massive first star will be nearly conserved during its evolution. The remaining possibility may be an interplay between a large luminosity near the Eddington limit and a fast rotation near the Keplerian value. A 150 M exploratory model in Ekström et al. (2008b) indeed loses significant mass of ∼ 50 M due to the Ω − Γ limit during the post-main-sequence phase. However, such a highly effective mass loss has not taken place in fast rotating models in Yoon et al. (2012) . Further investigation on the enhancement of the Ω − Γ limit and mass loss rate of WR surface with an extremely low metallicity will be needed to draw a conclusion. After the formation of a massive CO core, the core collapses due to the hydrodynamical instability of the electronpositron pair creation. The only assumption of this instability is the fast enough reactions of creation and annihilation of electron-position pairs, which will be robust for the high density stellar environment. In the collapsing core, carbon, neon, and oxygen are burnt to heat the surroundings. Probably the reaction rates have big uncertainties. However, the total rest mass energy emitted through the reactions should be determinate, and therefore the final fate of the explosion will be robust.
Although multi-dimensionality during the explosion may affect the explosion, strong convection does not arise in the collapsing massive CO core unlike in the case of a core-collapse supernova. This is because the core collapse and the following expansion in a PISN take place with a dynamical timescale, and this is too short to develop a strong convection, which requires a time at least several times of the dynamical time. Multi-dimensional simulations resolve a growing instability at the core edge region (Chatzopoulos et al. 2013b; Chen et al. 2014; Gilmer et al. 2017) , however this instability sets in as a result of the explosion and does not affect the explosion itself. Another possibility is a fast rotation of a CO core at its collapse. As we have demonstrated in this work, if there is no effective angular momentum transport during core helium burning phase, the remaining angular momentum in the CO core can be sufficiently large to support the core by the centrifugal force during the core collapse. Moreover, the rotating flow may create a strong shear during the collapse, which may develop an instability to mix a fresh nuclear fuel into the core center. Both effects will reduce the energy of the explosion. Therefore, by considering the fast rotation of the massive CO core, it is possible to expect that the initial mass range for PISN with incomplete mass ejection, i.e., so-called pulsational-PISN, to be extended to more massive side. This can reduce the possibility to have a PISN in the early universe.
In conclusion, PISN is an inevitable fate in first stars under a current understanding of stellar evolution. Therefore, a PISN-MP stars will be found from a future survey, in which sufficient number of mildly calcium rich and extremely sodium poor MP stars are observed. Not only PISN but also pulsational-PISN is a highly possible fate for massive first stars in the early universe. We have shown that a massive first star with a dense envelope tends to eject only outer part of the star during the explosion. A fast rotating CO core may also end up in the incomplete explosion. So far, explosive yields of pulsational-PISNe have not been investigated in detail. This will be an important next step for the future work. K. T. was supported by Japan Society for the Promotion of Science (JSPS) Overseas Research Fellowships. This work was supported in part by JSPS KAKENHI grant Nos. 26400271, 26104007, 17H01130, and 17K05380. 
